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Abstract
We make a reanalysis on the issue of neutrino speed anomaly by taking into
account the newly reported data from the ICARUS experiment and other
CNGS collaborations. We examine the consequence of the Lorentz violation
on the neutrino speed in a new framework of standard model supplement
(SMS), and find that the Lorentz violating parameters are constrained at
least one order stronger than that of the earlier OPERA report. The combi-
nation with other phenomenological considerations puts more stringent con-
straints on the Lorentz violation of neutrinos.
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1. Introduction
The neutrino speed anomaly reported by the OPERA collaboration [1]
attracted attentions on the superluminality of neutrinos with various specu-
lations [2]. It has been known that the earlier OPERA release suffers from
fatal hardware problem in time measurement, and the measurement on neu-
trino velocity has been updated [3]. Recently, the ICARUS collaboration [4]
released their new neutrino velocity measurement with an earlier arrival time
δt = 0.10 ± 0.67stat ± 2.39sys ns with respect to the expected traveling time
of the light speed. The compatible time deviations δt are also reported by
the Borexino and LVD collaborations [5, 6]. The central value of the neu-
trino superluminality by the ICARUS experiment is significantly reduced in
magnitude, with a large error compatible with either the superluminality or
subluminality of neutrinos. It is thus necessary to re-evaluate the issue of
neutrino speed anomaly from the new ICARUS result and the recent experi-
ments of the Borexino and LVD collaborations, combined with other intuitive
considerations in Refs. [7, 8].
Among many options for the realization of the theoretical Lorentz vio-
lation (LV), we focus here on an attempt to describe the LV effects based
on a basic principle that the equations describing the laws of physics have
the same form in all admissible mathematical manifolds [9, 10, 11]. Such
principle leads to the following replacement of the ordinary partial ∂α and
the covariant derivative Dα
∂α →Mαβ∂β, D
α →MαβDβ, (1)
where Mαβ is a local matrix by a splitting Mαβ = gαβ + ∆αβ . gαβ is the
metric of space-time and ∆αβ is a new matrix which brings new terms violat-
ing Lorentz invariance in the standard model, therefore we denote the new
framework as the Standard Model Supplement (SMS) [9, 10, 11]. The mag-
nitude of Lorentz violation is determined by the matrix ∆αβ , with the values
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of its elements to be measured or constrained from experimental observations
rather than from theories at first.
We now extend the phenomenological applications of the SMS from the
cases of protons [9] and photons [10, 11] to the specific case of neutrinos. We
examine the constraints on the LV terms in the SMS by the available experi-
ments concerning the neutrino speed anomaly. We show the proportionality
between the neutrino superluminality and the neutrino LV parameters. Such
proportionality may serve to relate any possible neutrino speed anomaly,
actually unconfirmed yet, as possible hints for the Lorentz violation of neu-
trinos.
2. Lorentz violation of neutrinos
For the sector of the electroweak interaction, the Lagrangian of fermions
in the SMS can be written as [9]
LF = iψ¯A,Lγ
α∂αψB,LδAB + i∆
αβ
L,ABψ¯A,Lγα∂βψB,L
+iψ¯A,Rγ
α∂αψB,RδAB + i∆
αβ
R,ABψ¯A,Rγα∂βψB,R, (2)
where A,B are flavor indices. The LV terms are uniquely and consistently
determined from the standard model by the replacement (1). Generally, the
LV matrix ∆αβ is particle-dependent [11], so it is relevant to the flavors and
has the flavor indices. For leptons, ψA,L is a weak isodoublet, and ψA,R is
a weak isosinglet. After calculation of the doublets and re-classification of
the Lagrangian terms, the Lagrangian can be written in a form like Eq. (2)
too. We assume that the LV matrix ∆αβAB is the same for fermions of left-
handedness and right-handedness, that is, ∆αβL,AB = ∆
αβ
R,AB = ∆
αβ
AB. When
we do not consider mixing between the flavor A and another flavor B for a
given flavor A, we can rewrite Eq. (2) as
LF = ψ¯A(iγ
α∂α −mA)ψA + i∆
αβ
AAψ¯Aγα∂βψA, (3)
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where ψA = ψA,L+ψA,R, i.e., the field ψA is the total contribution of the left-
handed and right-handed fermions of a given flavor A. When there is only
one handedness for fermions, ψA is just the contribution of this handedness.
We know that neutrinos are left-handed and antineutrinos are right-handed
in the standard model, therefore neutrino belongs to the case of only one
handedness. The Lagrangian LF contains also the mass terms. After calcu-
lations, we can let mA → 0 for massless fermions. Then ∂LF/∂ψ¯A = 0 gives
the motion equation
(iγα∂α −mA + i∆
αβ
AAγα∂β)ψA = 0. (4)
This is also the modified Dirac equation, in which the LV term i∆αβAAγα∂βψA
is determined by the LV matrix ∆αβAA of fermions with flavor A. Multiplying
(iγα∂α + mA + i∆
αβ
AAγα∂β) on both sides of Eq. (4) and writing it in the
momentum space, we get the dispersion relation for fermions
p2 + gαµ∆
αβ
AA∆
µν
AApβpν + 2∆
αβ
AApαpβ −m
2
A = 0. (5)
When we separate the spacial and temporal components of the 4-momentum
p, Eq. (5) reads
(1 + gαµ∆
α0
AA∆
µ0
AA + 2∆
00
AA)E
2
+ (2gαµ∆
α0
AA∆
µi
AA + 4∆
(0i)
AA )Epi
+ (gij + gαµ∆
αi
AA∆
µj
AA + 2∆
ij
AA)pipj −m
2
A = 0, (6)
which can be simplified as
αE2 + αiEpi + α
ijpipj −m
2
A = 0, (7)
with the coefficients defined as
α = 1 + gαµ∆
α0
AA∆
µ0
AA + 2∆
00
AA,
αi = 2gαµ∆
α0
AA∆
µi
AA + 4∆
(0i)
AA ,
αij = gij + gαµ∆
αi
AA∆
µj
AA + 2∆
ij
AA, (8)
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in terms of the elements of the LV matrix. The velocity vi of the fermion is
the gradient of energy E with respect to the momentum pi
vi ≡ ∂E/∂pi = −(α
iE + 2α(ij)pj)/(2αE + α
ipi). (9)
Then the magnitude of vi becomes
v ≡
√
|vivi| =
√
|gijvivj| (10)
=
1
2αE + αipi
√
|gij(αiE + 2α(ih)ph)(αjE + 2α(jk)pk)|,
in which the metric tensor gαβ = diag(1,−1,−1,−1) and the vacuum light
speed c = 1.
All 16 degrees of freedom of the neutrino LV matrix are contained in
Eq. (10). When parameterizing the 3-momentum pi with the spherical coor-
dinate system, we shall see explicitly that the velocity magnitude v in Eq. (10)
is direction-dependent, and this provides the possibility for an anisotropy of
the neutrino speed generally. We just focus on the neutrino speed anomaly
here, so we do not consider the angle-dependence of v and discuss only a
specific form ∆αβAA = diag(η, ξ, ξ, ξ) of the SO(3) invariant LV matrix. Then
Eq. (10) becomes
v = (1− 2ξ + ξ2)/(1 + 2η + η2) |~p| /E, (11)
with the coefficients α = 1 + 2η + η2, αi = 0, αij = (−1 + 2ξ − ξ2)δij for
Eq. (8), and the mass energy relation
E =
√
((1− 2ξ + ξ2)~p2 +m2A)/(1 + 2η + η
2).
So the deviation of the muon neutrino speed with respect to the vacuum light
speed is
δv ≡ (v − c)/c = −(η + ξ)− (1/2) (mA/E)
2
= −(η + ξ), mA ≪ E, (12)
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where c = 1. Eq. (12) shows clearly that the neutrino superluminality is
related to the LV parameters directly. Neutrinos could be either superluminal
or subluminal according to the signs and magnitudes of their LV parameters.
The early work by Coleman and Glashow in Ref. [12] proposed the original
thought on the particle velocity anomaly due to LV. The mass energy relation
Eq. (17) in Ref. [9] for the proton means that the fermion velocity v can
be larger or less than the vacuum light speed c, and that the difference
(v − c)/c is proportional to the parameter ξ in the corresponding LV matrix
for protons. As for the massless gauge bosons, the difference between the
photon propagating velocity cγ and the Lorentz invariant light speed c is
proportional to the elements of the LV matrix of photons too [10], i.e., δcγ ≡
(cγ − c)/c ∝ ξ, where ξ corresponds now to the LV parameter for photons.
3. Comparison with the Coleman-Glashow model
We now compare our results of the LV effects in the neutrino sector from
the SMS with that of the Coleman-Glashow model in Ref. [12], which is a
simple and intuitive model to include LV terms for high energy particles.
When the LV matrix ∆αβAA is diagonal, e.g., ∆
αβ
AA = diag(η, ξ, ξ, ξ), Eq. (5)
reads
E2 = (|~p|2(1− 2ξ + ξ2) +m2A)/(1 + 2η + η
2)
= |~p|2c2A + (m
′
A)
2c4A. (13)
With a reformulation, the dispersion relation of Eq. (13) can be rewritten as
p2 − (m
′
Ac
2
A)
2 = ǫ~p2, (14)
where c2A = 1 + ǫ with ǫ = −2(η + ξ) (cf. Eq. (2.18) in Ref. [12]), and m
′
A is
a redefinition of mA. cA is called the maximal attainable velocity of type A
particles in Refs. [12, 7]. Hence, the maximal attainable velocity of particles
in the Coleman-Glashow model corresponds to a specific case of a diagonal
LV matrix ∆αβ in the SMS framework.
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The LV term ǫ~p2 in Eq. (14) corresponds to the contribution from a LV
term ∂iΨǫ∂
iΨ added to the standard Lagrangian for a field Ψ [12]. The term
like ∂iΨǫ∂
iΨ can incorporate the essence of LV effects intuitively, that is, the
Lorentz violations reflect influences of some unknown background fields (i.e.,
ǫ here) to the standard matter fields under our attentions. So the formula
Eq. (14) can grasp the essential effects of the Lorentz violation, though ǫ
there does not have four spacetime indices and is defined in some particular
observer frame therefore. Some more detailed discussions about this model
and the corresponding three scenarios of Lorentz violation are provided in
Ref. [2]. Since the effect of ǫ can be equivalently represented by ∆αβs, we
adopt the latter formalism in our phenomenological analysis for generality.
Sometimes, the relations of ǫ in the Coleman-Glashow model and ∆αβs here
can be used to check the consistency of the calculated results.
4. The neutrino speed anomaly in data
We now re-evaluate the constraints on LV parameters according to the
ICARUS result [4] and the data of other CNGS collaborations [5, 6], com-
bined with previous data [13, 14] relevant to possible neutrino speed anomaly.
ICARUS: The ICARUS experiment reported the new neutrino velocity
of the CNGS neutrino beam [4]. The flying distance of muon neutrinos from
CERN to ICURAS neutrino detector is around 730 km. The arrival time of
the flying neutrinos is earlier than that expected with the light speed with
a small measured value δt = 0.10± 0.67stat ± 2.39sys ns. The corresponding
superluminality δv is calculated
δv = (0.4± 2.8stat ± 9.8sys)× 10
−7,
where the central value of δv is smaller than that of the OPERA report
by two orders in magnitude, with a large error bar that is compatible with
either superluminality or subluminality of neutrinos. The corresponding time
deviation δt of the CNGS beam with respect to the expected light speed
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Table 1: Neutrino velocity of CNGS beam. Total standard deviation is used for weighted
average: σ =
√
σ
2
stat + σ
2
sys.
Collaboration Superluminality δv
OPERA
(
2.7± 3.1stat
+3.4
−3.3sys
)
× 10−6
ICARUS (0.4± 2.8stat ± 9.8sys)× 10
−7
Borexino (−3.3± 2.9stat ± 11.9sys)× 10
−7
LVD (1.2± 2.5stat ± 13.2sys)× 10
−7
Weighted average (0.06± 6.7)× 10−7
has been reported by the Borexino and LVD collaborations respectively in
Refs. [5, 6]. δt = −0.8±0.7stat±2.9sys ns (Borexino). δt = 0.3±0.6stat±3.2sys
ns (LVD). The relevant neutrino speed of the recent CNGS experiments is
listed in Tab. 1, where it is shown that all the superluminallity of neutrinos
of the CNGS beam is consistent with zero.
MINOS and SN1987a: The velocity of ∼3 GeV muon neutrinos of the
MINOS detectors was reported in Ref. [13]. The value of neutrino superlu-
minality is δv = (5.1±2.9)×10−5. The electron neutrinos of the observation
SN1987a also put a bound on the deviation of the velocity vνe of neutrinos
(actually anti-neutrinos ν¯e) with respect to the light speed c. The constraint
on the neutrino superluminality is |δv| ≤ 2× 10−9 from Ref. [14].
The energy dependent term in Eq. (12) is not able to provide a consistent
explanation of different magnitudes of neutrino speed anomaly in different
data. The energy of the CNGS muon neutrino is ∼ 17 GeV and the neutrino
mass is estimated to be less than 1 eV up to now. Around the energy range of
10 MeV for SN1987a [15], even if we take the mass of electron neutrinos to be
of order 1 eV [16], the mass term m2νe/(2E
2) in Eq. (12) is ∼ 10−14, which can
not produce the speed anomaly of order 10−9 if there exists speed anomaly
for SN1987a. So, if there is indeed Lorentz violation as the central values
of the data suggest, there are two possibilities: (i) The Lorentz violation for
neutrinos of three generations are the same, but the Lorentz violation should
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be constrained to be very small to be consistent with the nearly zero speed
anomaly in the data; (ii) The Lorentz violation of neutrinos is generation-
dependent. Possibility (ii) is not discussed here. We just consider the former
one in the analysis.
The CNGS experiments give a averaged constraint ∼ 10−7 (1σ) on the
superluminality. Given the more stringent result of the SN1987a, the exper-
iments put a constraint on the superluminality δv of neutrinos, that is,
δvν < 1× 10
−9. (15)
With Eq. (12), the constraint on the speed anomaly of neutrinos means that
the LV parameters ην and ξν satisfy
|ην + ξν | < 1× 10
−9. (16)
More experiments will provide more details on Lorentz violation of neutrinos.
In previous analyses, we get the LV parameter |ξp| ≤ 10
−23 for high energy
protons [9] and |ξγ| ≤ 10
−14 for photons [10] by confronting with relevant
experimental observations. The constraint on the neutrino LV parameters is
weaker than those of protons and photons.
Other neutrino experiments or observations may constrain the superlumi-
nality and Lorentz violation of neutrinos stronger or weaker than Eqs. (15)
and (16). As Cohen and Glashow revealed [7], getting rid of the possible
Cherenkov analogous radiations of neutrinos for reaching the OPERA de-
tector, there should be a constraint δvν < (2me/Eνµ)
2/2 = 1.8 × 10−9 for
OPERA muon neutrinos of ∼ 17 GeV. A stronger constraint is also provided
in Ref. [7], that is, δvν < 0.85×10
−11 (corresponding to δ < 1.7×10−11 there)
from observations of very high energy neutrino events. Based on the produc-
tion process (kaon decay) of muon neutrinos, the constraint δvν < 3×10
−7 is
required such that muon neutrinos can be produced [8]. It is necessary to no-
tice that although the non-velocity experiments or observations can constrain
also the superluminality or Lorentz violation weakly or strongly, the inter-
pretations for experimental mechanisms are still model sensitive. Then the
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derived constraints from these experiments should be treated more prudently
than the results of neutrino velocity experiments by measuring directly flying
length and time. So the constraints of Eqs. (15) and (16) are still kept in the
article.
The constraints of Eqs. (15) and (16) indicate also the necessary precision
for future experimental facilities to measure the neutrino superluminality on
Earth. For the flying distance L = 730 km of the neutrino of the CNGS
beam, the precision of the corresponding GPS of time measurement should
be smaller than 2.43×10−3 ns, which is beyond the precision of current GPS
technology. Even if we consider the maximally accumulated consequences
of the Lorentz violation with neutrinos flying right through Earth, that is,
with L being the diameter of Earth, the time difference δt of neutrinos with
respect to the light speed is δt < 4.25 × 10−2 ns. So, in order to test the
neutrino Lorentz violation of an order smaller than 10−9 or constrain it more
stringently, it is a big challenge to the experimental technology for neutrino
velocity measurements on Earth, combined with also the uncertainties in
length measurement.
The following are some relevant remarks. We can compare the constraints
on the LV parameters from the neutrino velocity experiments with those of
attributing neutrino oscillations to resulting purely from the Lorentz vio-
lation in previous analyses [17, 18]. In the model of Lorentz violation for
neutrino oscillations, neutrinos can be taken as massless and neutrino flavor
states are mixing states of energy eigenstates. As a consequence of Lorentz
violation, different flavor states of neutrinos mix with each other when neutri-
nos of different eigenenergies propagate in space. From Ref. [9], the complete
Lagrangian LF of fermions (cf. Eq. (3)) is
LF = ψ¯A(iγ
α∂α −mA)ψBδAB
+i∆αβABψ¯Aγα∂βψB − g∆
αβ
ABψ¯AγαAβψB, (17)
where A,B, · · · are the flavor indices, Aβ is the gauge bosons, and g is the
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coupling constant. In the case of massless neutrinos, we can let mA → 0
for the derived results. From the viewpoint of the effective field theory, the
vacuum expectation value 〈g∆αβABAβ〉 can be treated equivalently as another
LV parameter aαAB, so Eq. (17) reads also
LF = ψ¯A(iγ
α∂α −mA)ψBδAB
+i∆αβABψ¯Aγα∂βψB − a
α
ABψ¯AγαψB.
The derivative ∂LF/∂ψ¯A leads to the motion equation
(iγα∂α −mA)ψBδAB + i∆
αβ
ABγα∂βψB − a
α
ABγαψB = 0.
By multiplying γ0 on both sides, the terms corresponding to the operator i∂t
are the Hamiltonian. So the Hamiltonian HAB is
HAB = −γ
0(iγk∂k −mA)δAB − i∆
αβ
ABγ
0γα∂β + a
α
ABγ
0γα.
All following derivations have been done in Ref. [18], including the reductions
of the Hamiltonian to the level of quantum mechanics and the solutions of
the energy eigenstates. It is found that even with very small LV parameters,
∆00νµνµ ≃ 10
−20, one can still explain the neutrino oscillation in experiments
by pure LV effects. The parameter ∆00νµνµ is denoted by c
00
µµ and c
00
µµ ≃ 10
−20
in Ref. [18]. The parameter ∆00νµνµ is of order 10
−20, when the neutrino
oscillations are fitted using the LV parameters. In this paper, ∆00AA is just
written as η, so we find that ηνµ ≃ 10
−20. Based on Eq. (16), |ξνµ| < 10
−9.
So, if there is Lorentz violation (even tiny) of neutrinos, it can be possible
that |ξνµ| ≫ |ηνµ|, and that the spacial Lorentz violation is much larger than
the temporal one of the muon neutrino, since the parameter ξνµ provides
contributions to the neutrino speed anomaly from Lorentz violation and it
belongs to the spacial part of the LV matrix of muon neutrinos. At this stage,
it is not known whether the spacial parts of LV are larger than the temporal
ones indeed in Nature if the LV exists.
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Nevertheless, it should be noted also that Ref. [18] included 3 specific
forms of the tensors aµAB and ∆
αβ
AB, whereas it is assumed here that ∆
αβ
AB is
diagonal for confronting with the formalism in the Coleman-Glashow model.
The consistency between the results of neutrino speed anomaly and the neu-
trino oscillation experiments can be further studied with a more general form
of the LV matrix. There are large degrees of freedom in ∆αβAB, and it is still
possible both the Lorentz violation and the conventional oscillation mecha-
nism with neutrino masses contribute to neutrino oscillations. In that case,
there are totally 16×6+3 = 99 degrees of freedom, i.e., 6 matrices ∆αβAB for 3
kinds of neutrinos (when ∆αβAB has the symmetric indices A and B) together
with 3 neutrino masses within the SMS framework, to adjust parameters for
confronting with relevant experiments. The option of particle and antiparti-
cle difference could also double the allowed degrees of freedom. This provides
a more compelling expectation to confront with experiments.
5. Conclusion
The speed anomaly of the neutrino experiments, such as the CNGS ex-
periments and etc., is compatible with zero, and serves on the other hand
as stringent constraints on the Lorentz violation of neutrinos, although the
possible superluminality of the available data can be explained by the corre-
sponding Lorentz violation of the neutrino sector if Lorentz violation exists
indeed. At the moment, both the superluminality and the subluminality
of neutrinos are permitted by data and by theory. Therefore the superlu-
minality and Lorentz violation of neutrinos still needs to be examined or
ruled out by further experiments. The experiments on neutrino speed might
provide the chance to reveal novel neutrino properties beyond conventional
understandings.
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